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Analytic Tate spaces and reciprocity lawsI^ 

by Ricardo Garcia LopeJl 



O 

fNl ■ Abstract 

^ | We consider an analytic variant of the notion of Tate (or locally 

Q ■ linearly compact) space and we show that, both in the complex and 

in the p-adic analytic setting, one can use it to define symbols which 
satisfy Weil-type reciprocity laws for curves. 



1. Introduction 



< 

A topological vector space is said to be linearly compact if it is the topo- 
logical dual of a vector space endowed with the discrete topology. A Tate 
space is a topological vector space which contains a linearly compact open 
subspace (according to [H], this terminology is due to A. Beilinson. They 
; were considered by S. Lefschetz under the name of locally linearly compact 

spaces, see [T5] and the references therein). Tate spaces play a relevant role 
^ ■ in the study of algebraic curves and chiral algebras (see, among others, [loci 

cit.], i, 0). 

t-h ; 

A Tate space splits as the topological direct sum of a discrete and a linearly 
compact space. The simplest example is the ring k((t)) of Laurent power 
series with coefficients in a field endowed with the t-adic topology, one has 
. the topological splitting k((t)) = t _1 fc[t _1 ] ©&[[£]] where the first summand is 

discrete and the second is linearly compact. The analogous decomposition for 
convergent power series suggests that an analytic counterpart of Tate spaces 
might be the category of those topological vector spaces which split as the 
sum of a nuclear Frechet space and the strong dual of a nuclear Frechet. 
Examples of such spaces are the space of germs of analytic functions on a 
punctured neighborhood of a point in the complex plane or the Robba rings 
appearing in the theory of p-adic differential equations. 
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Our aim in this note is to show that some results related to the notion of 
Tate space are still valid in the analytic setting if one considers the category 
described above. In section 2 we collect some results from functional analysis, 
in section 3 we define commutator symbols in this context, and in section 4 
we prove reciprocity laws for curves, both in the complex and p-adic analytic 
cases, following similar arguments as those used in the formal case. 

2. Frechet-nuclear Tate spaces 

Let k denote a local field of characteristic zero, set k x = k — {0}. In what 
follows, we refer to [22], [21] (in the archimedean case) and to |23j (in the 
non-archimedean case) for unexplained terminology. All topological k- vector 
spaces will be assumed to be locally convex, direct sums will be assumed to 
have the locally convex direct sum topology. The dual of a vector space V 
will be denoted V* (in case V is a topological vector space, this notation 
will refer to the strong dual), the dual of a map g will be denoted g*. A 
(FN)-space is a vector space which is simultaneously Frechet and nuclear. 
A (DFN)-space is the strong dual of a (FN)-space. The following theorem 
summarizes some results to be used later on: 

(2.1) Theorem: 

i) A topological vector space V is a (FN)-space (respectively, a (DFN)- 
space) if and only if there is a sequence of locally convex topological 
vector spaces and nuclear maps (resp., nuclear infective maps) 

V 1 ^V 2 <—... 
( V 1 -^V 2 —►...) 

such that V = limV; (resp., V = liiri Vj). 

ii) If a space is simultaneously (FN) and (DFN), then it is finite dimen- 
sional. 

Hi) Closed subspaces and separated quotients of a (FN)-space are (FN)- 
spaces. 

iv) Closed subspaces and separated quotients of a (DFN)-space are (DFN)- 
spaces. 
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Here, i) is a small variation on the results of [J_H] and can be proved in the same 
way, and ii), hi), iv) are well-known (see e.g [J7J §25, 2.11], [I2J Proposition 
2.8]), with the exception of the assertion about closed subspaces of (DFN)- 
spaces in the non-archimedean case, which is proved in [T2l Lemma 1.2]. 

One can transpose to the analytic setting the notion of Tate space (see [TH 
3.1]) as follows: 

Definition. A topological vector space V will be said to be a nuclear- Frechet- 
Tate space (for short, a (FNT)-space) if there exist a (FN)-space L G V and 
a (DFN)-space G C V such that V — L ffi G topologically . In this case, we 
will say that L is a (FN)-lattice and G is a (DFN)-lattice in V. By a lattice 
we will refer indistinctly to a (FN) or a (DFN)-lattice. 

Remark. To some extent, lattices are the analogues of the compact and dis- 
crete lattices considered in [13] . For example, as in the locally linearly com- 
pact case, if L 2 C L\ are lattices, then L1/L2 is finitely dimensional (being a 
closed subspace of V/L 2 and a separated quotient of L±, it is simultaneously 
a (FN) and a (DFN)-space). However, contrarily to what happens in the 
formal case, in general neither the intersection nor the sum of two lattices is 
a lattice, see the remark after example i) below. 

(2.2) Examples: i) (see [21 § 1]) Let k = C. For U C C open, denote H(U) 
the ring of analytic functions on U, let 

5 = ]jmH(U-{Q}) 

oeu 

denote the ring of germs of analytic functions on a punctured neighborhood 
of G C, put 

G± = \imH(U) 

oeu 

@~ = ^mH^C-U) , 
o&u 

where U runs over a neighborhood basis of and the notation 00 1— >■ 
means that we consider only those functions / such that lirn|| a; || M . 00 f(x) = 0. 
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Then &~ is a (FN)-space, &~ is a (DFN)-space and we have a topological 
isomorphism 

thus is a (FNT)-space. Once a coordinate has been fixed, one can con- 
struct similar examples considering power series with Gevrey conditions (in 
particular, the 1-Gevrey case can be seen as the ring of microdifferential 
operators with constant coefficients). 

Remark. If / is a unit of the ring then we have two decompositions 

so &~ and are two (DFN)-lattices in O-q. If / has an essential singularity 
at zero, then 

G i n (/ ■ ^o + ) = w> 

thus an intersection of lattices does not need to be a lattice. Also, if + 
/ • &~ were a (DFN)-lattice, there would exist a (FN)-subspace F C 6-§ with 
ff+ © (/ - 0+) © F = d . But then 

(/ • ®F= = <?Z 

which is a (FN)-space, so that = f ■ 0~ would be simultaneously (FN) 
and (DFN), which is impossible (by 2.1.ii) . So, in general, sums of lattices 
are not lattices either. 

ii) The ring k[[t}}, endowed with the topology given the bijection k[[t\] = 
Y[f$k is a (FN)-space (see e.g. |22j). Its strong dual can be identified with 
a polynomial ring k[u], endowed with the topology given by the bijection 
k[u] = Q)nk. Thus, the topological direct sum k((t)) = k[[t]] ©t -1 ^^ 1 ] is a 
(FNT)-space. 

iii) If g is a finite dimensional topological k-Lie algebra, then the loop algebra 
£)((£)) := Q ©fc k((t)) is a (FNT)-vector space and the Lie braket 

[g © p, h © q] = [g,h]®pq 

is continuous, thus fl((i)) is a (FNT)-Lie algebra. It is very likely that one 
can give a construction of semi-infinite cohomology in this setting, following 
the method in [3 3.8]. 
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iv) (see [TTI Part II], [12]) Assume k is non-archimedean. Given an interval 
/ C [0,+oo), let A(I) be the ring of power series a>it\ di G k, which 

are convergent for \t\ G /. For each p G /, the ring v4(7) is endowed with the 
norm 



E 



lS2 



sup 



di | p 



and, with the topology defined by this family of norms, the fc-algebra A(I) 
is a Frechet space. The union 



tz 



|J^(r,l)= $>f 



r<l 



cii G A;, 



3A < 1 | oti j A* ->• for i ->■ — oo 
Ve < 1 lode* -» for z ->■ +oo 



is a ring, called the Robba ring (over the field k). One considers in TZ the 
direct limit topology given by the first equality above. If we put 1Z + = 
TZ Pi k[[t)), TZ~ —TZn A;[[t -1 ]], and we endow these spaces with the subspace 
topology, then the strong dual of 7Z + is isomorphic to t^TZ" via the residue 
pairing 



E 

oo 



a,- 



and the direct sum decomposition TZ = TZ + © t^TZ^ is topological. It is 
not difficult to prove that TZ + is a (FN)-space, so t~ x TZ~ is a (DFN)-space 
and the Robba ring TZ is a (FNT)-space (notice the properties of the spaces 
of positive and negative powers of t are reversed with respect to those in 
example i), namely there is (DFN) and &~ is (FN)). See [HI 7.2] for a 
coordinate free description of the Robba ring attached to a point of a smooth 
curve defined over a finite field. 



3. Polarizations and pairings 

We recall the main features of the theory of polarizations and determinants 
of Fredholm maps (see [2H Appendix B], cf. [3], [7], [TS]): 

Let Pic z denote the category of graded lines. An object in Pic z is a pair 
(£, n) where i is a 1-dimensional fc-vector space and n G Z. In this cat- 
egory, Hom((£i,ni),(£2,n^)) = if «i 7^ n 2 and Hom((£i,n), (l 2 ,n)) = 
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Homk(£i,£i). There is a tensor product <g> : Pic z x Pic 1 — > Pic z defined 
by 

((4, ni), (£ 2 , n 2 )) i — ► (£ x ® £ 2 , ni + n 2 ) 
And a commutativity constraint 

(£1 © £ 2 , nt + n 2 ) ^ (£ 2 © 4, n 2 + n x ) 

given by w © w i — >■ ( — l) nin2 w © it. If (£, n) is a graded line, the reference to 
the integer n will be omitted when no confusion arises. 

Let V, W be topological vector spaces. A continuous linear map / : V — > W 
is said to be Fredholm if it has finite dimensional kernel and cokernel. In this 
case, set n = dimKer(/), m = dimCoker(/), index(/) = m — n, and put 

f /\ Ker(f) j (8) /\ Coker(/) , index(/) j . 

A topological vector space V is said to be a (LF)-space if there is a sequence 
of Frechet spaces {V^}j S N such that V = lirri V;. It follows from [TJJJ Lemma 
2] that (DFN)-spaces are (LF). 

Assume V, W are (LF)-spaces and / : V — > W is Fredholm. If u : V — > W 
is nuclear then, by a theorem of Grothendieck, index(/) = index(/ + u) 
( [TUl 8.1.-1.]). Moreover, there is a canonical isomorphism 

Det(V,WJ)^Det(V,W,f + u). 

This last assertion follows from the comparison between the above definition 
of the determinant line and the one given by G. Segal in [23], which is invari- 
ant under nuclear perturbations (see [231 Appendix B], see also [T5], D.2.11]). 
We put 

Det(V, W, f) = limZ>et(V; WJ + u) 

u 

where the transition morphisms are the isomorphisms above. 

(3.1) Definition: On the set of topological direct sum decompositions V = 
V + © V- we consider the following equivalence relation: V + © V- ~ W + © W- 
if and only if for i, j G {+,—}, i ^ j the compositions 

Vi V -» Wj and Wi^V-* V j 
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are nuclear, where in both cases the arrows -» are the projections attached to 
the given decompositions. A polarization of V is an equivalence class of de- 
compositions. If we fix a decomposition V — V + © V-, the decompositions in 
the same equivalence class will be called allowable, as well as the projections 
onto its summands. 

Let V + , W + be two allowable plus-summands, let p : V — > W + be an allow- 
able projection. The restriction of p to V + is Fredholm (since it is invertible 
modulo a nuclear operator). If p' : V — > W + is another allowable projection, 
the difference p\y + — v\v + * s nuclear, so we have a canonical isomorphism 

Bet(V + ,W + ,p lv+ ) - Bet(V + ,W + ,p\ v+ ) 

and we put 

Bet(V + : W + ) = h^Bet(V + ,W + ,p {v+ ) , 

p 

where the limit runs over all restrictions to V + of allowable projections 
V -» W+. If U + ,V + ,W + are allowable, the composition of two allowable 
projections V + -» U + ^ V -» W + differs from an allowable projection 
V + -» W + by a nuclear perturbation, and so it follows that there are canon- 
ical isomorphisms 

u(y+, U+, W+) : Bet(V + : W + ) ^ Det(F + : U+) ® Det(C/+ : W + ) . 

Let V be a polarized vector space, choose an allowable decomposition V = 
V+©V_, denote GL(V) the group of bicontinuous automorphisms of V. Given 
g G GL(V), denote g i: j : Vi — > Vj the composition of the restriction g\ v . with 
the allowable projection V -» Vj, where i,j G {+, — }. The restricted linear 
group of V is the group 

GL res (V) — {g G GL(V) | g + - and #_ )+ are nuclear } 

Notice that if g + -,g- !+ are nuclear for one allowable decomposition, then 
they are so for all them and are also nuclear. 

Choose allowable subspaces V + ,W + C V. For g G GL res (V), the subspaces 
g(V + ),g(W + ) are also allowable and there is a canonical isomorphism 

Bet(V + : g(V + )) Bet(W + : g(W + )) , 
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we denote 

P g = Una Bet(V + : g{V + )) . 
v+ 

Given f,g G GL^es^) and an allowable V + , the subspaces g(V + ), fg(V+) 
are also allowable, let r f : Det(F+ : #04)) — > Det(/(V+) : f(g(V+))) be 
the conjugation isomorphism which sends a : V + — > g(Y+) to / o a o : 
/(V+) — > f(g(V+)). We have a map 

Det(y + : ® Det(F+ : «?(y + )) — ► Det(V+ : /«?(y + )) 

defined as the composition u(V+, f(V+), fg(V+)) o (id <g> rf), which induces 
an isomorphism 

Pf, 9 ■ P/ ® — ► P/ 5 • 

(3.4) Put 

GL+ S (V) = {(/,«) | / G CL res (y) , a G P s } , 
and consider the operation 

(f,a)-(g,P) = (f-g, p f , g (a®/3)). 

With this operation, GL+ es (V) is a group and we have a central extension 

1 — ► A; x — ► GL+ M (F) — ► GL res (V) — ► 1 

where the first map is A i — >■ (Id,X) (notice that = k canonically), and 
the second is the projection. It is well-known that such a extension defines 
a symbol: Given commuting elements /, g G GL res (V), choose liftings G 
GL+ es (V) and define the symbol (/,#)+ by 

(f,g) + = f~9f- 1 ~g- 1 £k\ 

Then (/,#)+ is independent of the chosen liftings and it follows from the 
definitions that one has: 

i) (f,g)+ = (g, f)^ 1 for every commuting f,g G GL res (V). 

ii) (/i • /2,^)+ = (A,ff)+ • (/2,^)+ and (f,g 1 ■ g 2 )+ = (f,gi)+ • (/,# 2 )+ 
under the corresponding commutativity assumptions. 
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Remarks: i) Notice that the definition of the commutator pairing given in 
PQ or [3] cannot be directly transposed here (see the remark after example i) 
above) . 

ii) We can interchange the roles of plus and minus summands, in this way 
for g G GL res (V) we obtain minus lines M 5 = hm^ Det(Vl : g(V-)) and a 
central extension 

i — > k x — »• gl; £S (v) — ). GL res (y) — > i . 

Again as above, we have a pairing (•,•)_ defined for any pair of commuting 
elements of GL res (V). In the formal case, this pairing does not provide any 
new information because (f,g)+ = (f,g)Z x (see [31 Proposition 3.3.4]). We 
do not know if this is true in the present well, although explicit 

computation in the examples considered in the previous section shows that 
it does hold in these cases. 

The following proposition is probably well-known to functional analysts, al- 
though we have not found a precise reference. In any case, it is the crucial 
point for proving the results of this note. 

(3.5) Proposition: Let V be a (FN)-space and W a (DFN)-space. Then: 

i) Every continuous linear map f : V — > W is nuclear. 

ii) Every continuous linear map g : W — > V is nuclear. 

Proof, i) In the archimedean case, we can assume that there is an inductive 
system of Banach spaces {Wj}igN with injective transition maps such that 
W = UieN W» ( see Proposition 25.20]). By Grothendieck's factorization 
theorem ( |21[ Theorem 24.33]) there is an i G N such that / factors as 
V — > Wi W. Since V is nuclear, V — > W,- t is a nuclear map, and then 
so is /. The same proof works in the non-archimedean case, using [231 1.8.9]. 

ii) Consider first the archimedean case. Since W is a (DFN)-space, it is 
complete ([221 Cor. 2., pg. 344]) and nuclear ([221 Proposition 50.6]). It is 
also barreled because it is a direct limit of barreled spaces. Then, statement 
ii) is a consequence of [TBI Theorem (1.3)]. 
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In the non-archimedean case, it also holds that (DFN)-spaces are complete 
([221 III.16.10.i]), nuclear ([231 IV, 19.9]) and barreled. Inspection of the 
proof of [161 Theorem (1.3)] shows that it is also valid in this case (at least 
for a spherically complete base field, which covers our setting), the results 
needed for the proof are [231 IV. 18. 8], and the Banach-Steinhaus theorem 
[221 1.6.15]. □ 

A (FNT) structure on a vector space V defines a polarization in an obvious 
way. For polarizations defined in this manner, it follows from the previous 
proposition that we have: 

(3.6) Corollary: i) A (FNT)-space has a essentially unique polarization, 
that is, if we have a topological isomorphism 

v + ® V_ S w + © w_ 

where V + ,W + are (FN)-spaces and V_,W_ are (DFN)-spaces, then these 
decompositions are equivalent in the sense of definition (3.1). 

ii) If V is a (FNT)-space, then GL(V) = GL res (V). 

Remarks: i) For the (FNT)-space in example (2.2.i) above, proposition (3.5) 
is implicitely proved in [2]. 

ii) The situation is somehow more symmetric than in the formal case. There, 
a linear continuous map C — > D from a linearly compact to a discrete space 
has finite dimensional image, but this does not hold for morphisms D — > C 
(e.g., for k[t] ^ k[[t]\). 

iii) Kapranov's construction of measures and Fourier transforms in the locally 
linearly compact case (see [18]) can be mimicked in the present context. The 
main point is that if L\ C L 2 are lattices, the quotient Li/L 2 is finite dimen- 
sional, and this is the essential fact which is needed to reproduce Kapranov's 
constructions. For example, if V is a (FNT)-space and V + C V is a fixed 
(FN)-lattice (respectively, (DFN)-lattice), then the assignment 

U i — ► Det(V+,U) 

defined on the grassmannian of (FN)-lattices (resp., (DFN)-lattices) defines 
a determinant theory in the sense of loc. cit.. Similarly, it is easy to adapt to 
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(FNT)-spaces the definition given in [T£| 3.2.2] of the semi-infinite de Rham 
complex associated to a locally linearly compact R-vector space. 

From the previous proposition we can also derive the following finiteness 
result: 

Corollary. Let V be a (FNT)-space. If L is a (FN)-laUice andG is a (DFN)- 
lattice, then L D G is of finite dimension and L + G is of finite codimension 
in V . 

The first statement follows directly from (2.1.ii). For the second, we first 
recall the following lemma of H. Lang ([201 Lemma 2.2]): Let C%, C 2 be two 
closed subspaces of a locally convex vector space V. Assume G\ is a topo- 
logical direct summand of V, let tt : V — > C\ be a continuous projection. If 
tt\c 2 is compact, then G\ + C 2 is closed in V. 

It follows from this lemma and (3.5) that L + G is closed in V. Now V/L + G 
is the quotient of the (DFN)-space V/L by the closed subspace L + G/L, 
and thus is a (DFN)-space. It is also the quotient of the (FN)-space V/ G by 
L + G/G. Thus, by (2.1.ii), it is finite dimensional. □ 

4. Calculations and reciprocity laws 

Let be as in example i) above, let 0~ C &q be the multiplicative subgroup 
of invertible germs. Given / e 02, we denote also by / e GL(ff^) the 
operator of multiplication by / in If we fix a coordinate t, any / e 02 
can be written product 

f = c-t n -g(t)-h(r 1 ) , 

where c G C, n e Z, g is holomorphic at zero, g(0) = 1, h(x) = e^ x ' and tp 
is an entire function with <p(0) = (Weierstrass-Birkhoff decomposition, see 
[B]). Then we have: 

(4.1) Proposition For fx, f 2 £ wzt/i decompositions 

f i = c i -t ni -g i (t)-h i (r 1 ) 
as above (i = 1, 2j ; we /lave (fx, f 2 )+ = • c^ 1 = (fx, f 2 )Z 1 . 



11 



Proof. We prove the formula for (•,•)+> the proof for (•,•)_ is analogous. To 
lighten notations, set V = 02, P = N = , the image of x G V by 
the projection V = P © N -» P will be denoted x + . By i) and ii) in (3.4), it 
suffices to prove the following statements (cf. [X3| 2.8.ii]): 

a ) (9h9j)+ = (9i,hj)+ = (hi,hj)+ = 1 for i ^ j e {1,2}: It is enough 
to prove that the lines P ffi ,P/j. are canonically trivial. For P 9t this 
is immediate because gi(P) = P- For P^, consider the composition 
a : P <^-t V -» hi(P), where the second arrow is the projection corre- 
sponding to the decomposition V = hi{P) © hi{N). This map is given 
by a(x) = Since hj l only involves negative powers of the 
parameter t, the map 

P — > P 

^ 1 — ► K\ x )+ 

is a bijection, thus a is bijective as well and the triviality of P^ follows. 

b) (cit n \gj) + = (cit ni ,hj) + = 1 for i ^ j E {1,2}: By bimultiplicativity 
and the previous case, we can assume that n\ = n-i = 1 and c\ = 
C2 = 1. We will prove that (t,g)+ = 1 if g is holomorphic at zero and 
g(0) = 1, the other cases are similar. As just seen, P g = C canonically. 
The projection map P — > tP is surjective with kernel (1) C P thus 
P t = C ■ 1*. Take the liftings t = (t, 1*) and g = (g, 1), the definition 
of the operation on GL + (V) shows that t ■ g = (t • g, 1*). Similarly, 
Pg-i = C, P t -i = C ■ t- 1 and pi - pi = (t' 1 ■ g' 1 ,^ 1 ). Again by 
definition of the operation on GL + (V), one easily checks that 

t g P g- 1 = (1, 1) , 

and so (t, g) + = 1. 

c) (cit ni , c 2 t n2 ) + = c^™ 2 • Cg 1 : It is enough to consider the case n\ = 
0,n 2 = l,c 2 = 1. In this computation as in b) proves the 
desired equality. □ 

For / e ^j, let / be a representative of / defined on a small circle S C C 
around and denote t>(/) the degree of the map arg(f) : S — > S 1 . In [IB], 
a symbol (•, ^ : <^ x ^ — ► C* is defined by: 

(/,^) D = exp Ll-J\ogf.g- l di\ -g^ ■ 
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In case f,g are meromorphic at zero, it is proved in loc. cit. that (f,g)o 
equals Tate's tame symbol, that is, (f,g) D = (-1)^/)^) . (jgpg) (0). It 
follows from (4.1) that we have: 

Corollary. If fi,f2 G are meromorphic at zero, then (/, gf)_ equals the 
tame symbol. 

Remarks, i) It is easy to see that if the functions /, g are not meromorphic, 
then the symbol (f,g)~ does not need to coincide with Deligne's symbol. 

ii) Proposition (4.1) is valid in the p-adic well (example (2.2.iv)). 

One uses that, because of results of E. Motzkin and G. Christol (see [9]), the 
Weierstrass-Birkhoff decomposition holds in the following form: Let / G 1Z* 
be a unit of the Robba ring. Then, there exist unique n G Z, c G k, g G 
1 + tlZ + invertible in 1Z + and h G 1 + t~ l 1Z~ invertible in TZ~ such that 

f = c-t n -g-h. 

We prove next two reciprocity laws for the symbols defined above. We will 
need the following lemma: 

Lemma: Let V = V + © V- be a polarized vector space. Assume we have a 
decomposition V = V° © V 1 , put V? = Vi H V j for i G {+, -} and j G {0, 1}. 
If V° = Vl © K° and V 1 = Vl © V±, then V° and V 1 are polarized vector 
spaces, GL+ es (V°) xG f L+ s (V 1 ) can be identified with a subgroup of GL+ es (V), 
and given commuting elements 

f = (f ,f 1 )eGL+.(V°)xGL+ M (y 1 ) 
9 = (9o,9i) £ GL^ es (V°) x GL^siV 1 ) 

we have 

(f,g)+ = (fo,9o)+ ■ (fu9i)+- 
A corresponding statement holds for (•,•)_. 

Proof. It follows from elementary properties of determinants that we have 
natural isomorphisms /// : P/ <g> P/j — > P/ and fi g : P go <8> P Sl — >• P ff . 
Choose liftings / = (fo, fi = <7o = (0o,ato>)> £ = (fi^^i)- 

Then / = ((fo, fi), Vf(uf ®a fl )) and # = {{go,gi)^g{a JO ®a gi )) are liftings 
to GL+ es (V) of / and g. Computing the commutator f g f~ x g~ x with these 
liftings one obtains the desired formula, the details are left to the reader. □ 
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Theorem. LetX/C be a complete non-singular curve, S C X a finite subset. 
For s G S, let &x,s denote the ring of function germs which are holomorphic 
in a punctured neighborhood of s in X . If f,g are invertible elements of the 
ring of analytic functions on X — S , then 

where (■,■)« denotes either the minus or the plus symbol in &x,s- 

Proof. It is enough to consider the minus case. We claim first that V = 
®ses @x.s is a (FNT)-space and V- := Im[H°(X - S, X ) — > ® seS ^x,s} 
is a (FN)-lattice in it, the argument is very similar to that in [25j Pg- 156]: 
Consider the sheaves of topological vector spaces on X defined by 

U i— ► T\U) := ® se uns&x,s , 

where U C X is open and a direct sum is equal to zero if its index set is 
empty. We have an exact sequence 

— > ff x — > J" 7 X — > , 
where S( f , ffi s g s ) = © s (/ — 9s)s, taking global sections we get 

This may be regarded as a sequence of topological vector spaces (considering 
Cech cohomology, see |8|). The space H X (X, C X ) is Hausdorff [loc.cit.], and it 
follows that H°(8) has closed image. Since H°(X — S, ff x ) is a (FN)-space, 
®ses^ x s * s (DFN), and the open mapping theorem holds for the spaces 
involved, we conclude that V is a (FNT)-space and VI is a (FN)-lattice on 
it, as claimed. 

The theorem can now be proved as in [1] or [3] , considering the (FNT)-space 

V = © seS @X,s 

and the (FN)-lattices V- and V'_ = ffi sG s G x ? . They determine the same 
polarization by corollary (3.6.i), so the value of (/, g)- is the same if computed 
with VI or with V'_. We have /(VI) = V_ and g(V~) = VI, so calculating 
(/,(?)_ with V_ we obtain (f,g)- = 1. To compute the pairing with VL, use 
the previous lemma, the claimed equality follows. □ 
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Let F be a finite field, X/F a projective non-singular curve, let Y C X be an 
affine curve. Set 

u 

where U runs over the set of strict neighborhoods of the tube }Y[ (we refer 
for these notions to [HI section 7]). Let S = X — Y, we have: 

Theorem. Under the above assumptions, if f, g are invertible elements of 
Ay, then 

Yl(fs,9s)s = 1. 

ses 

where (•,•)« denotes either the minus or the plus symbol calculated in the 
Robba ring at s G S . 

Proof. Let 1Z S denote the Robba ring at s £ S. By [T2l Theorem 7.5], Ay 
is a (DFN)-lattice in the (FNT)-space © se s7^s (nuclearity is not explicitly 
mentioned in loc.cit., but it can be easily checked). Now the proof is as in 
the previous theorem, considering the (DFN)-lattices A Y and (Bses^-s ■ ^ 

References. 

[1] Enrico Arbarello, Corrado De Concini, and Victor G. Kac, The infinite wedge rep- 
resentation and the reciprocity law for algebraic curves, Theta functions — Bowdoin 
1987, Part 1 (Brunswick, ME, 1987), Proc. Sympos. Pure Math., vol. 49, Amer. 
Math. Soc, Providence, RI, 1989, pp. 171-190. MR1013132 (90i:22034) 

[2] Enrico Arbarello, Corrado De Concini, Victor G. Kac, and Claudio Procesi, Moduli 
spaces of curves and representation theory, Comm. Math. Phys. 117 (1988), no. 1, 
1-36. MR946992 (89i:14019) 

[3] Greg W. Anderson and Fernando Pablos Romo, Simple proofs of classical explicit 
reciprocity laws on curves using determinant groupoids over an Artinian local ring, 
Comm. Algebra 32 (2004), no. 1, 79-102. MR2036223 (2005d:11099) 

[4] Alexander Bcilinson, Spencer Bloch, and Helene Esnault, e-factors for Gauss-Manin 
determinants, Mosc. Math. J. 2 (2002), no. 3, 477-532. Dedicated to Yuri I. Manin 
on the occasion of his 65th birthday. MR1988970 (2004m:14011) 

[5] Alexander Beilinson and Vladimir Drinfcld, Chiral algebras, American Mathematical 
Society Colloquium Publications, vol. 51, American Mathematical Society, Provi- 
dence, RI, 2004. MR2058353 (2005d:17007) 

[6] George D. Birkhoff, A theorem on matrices of analytic functions, Math. Ann. 74 
(1913), no. 1, 122-133. MR1511753 



15 



[7] Jean-Luc Brylinski, Central extensions and reciprocity laws, Cahiers Topologic Geom. 
Differentielle Categ. 38 (1997), no. 3, 193-215. MR1474565 (2000f:11150) 

[8] Henri Cartan and Jean-Pierre Serre, Un theoreme de finitude concernant les varietes 
analytiques compactes, C. R. Acad. Sci. Paris 237 (1953), 128-130. MR0066010 
(16,517e) 

[9] Gilles Christol, Decomposition des matrices en facteurs singuliers. Applications 
aux equations differentielles, Study Group on Ultrametric Analysis. 7th-8th years: 
1979-1981 (Paris, 1979/1981), Secretariat Math., Paris, 1981, pp. Exp. No. 5, 17. 
MR628158 (83h:12040) 

[10] G. Christol and Z. Mcbkhout, Sur le theoreme de I'indice des equations differentielles 
p-adiques. Ill, Ann. of Math. (2) 151 (2000), no. 2, 385-457. MR1765703 
(2001k:12014) 

[11] Richard Crew, Finiteness theorems for the cohomology of an overconvergent isocrystal 
on a curve, Ann. Sci. Ecolc Norm. Sup. (4) 31 (1998), no. 6, 717-763. MR1664230 
(2000a:14023) 

[12] , Arithmetic V-modules on a formal curve, Math. Ann. 336 (2006), no. 2, 

439-448. MR2244380 (2007k: 14023) 

[13] Pierre Deligne, Le symbole modere, Inst. Hautes Etudes Sci. Publ. Math. 73 (1991), 
147-181. MR1114212 (93i:14030) 

[14] Vladimir Drinfcld, Infinite- dimensional vector bundles in algebraic geometry: an in- 
troduction, The unity of mathematics, Progr. Math., vol. 244, Birkhauser Boston, 
Boston, MA, 2006, pp. 263-304. MR2181808 (2007d:14038) 

[15] Yi-Zhi Huang, Two-dimensional conformal geometry and vertex operator algebras, 
Progress in Mathematics, vol. 148, Birkhauser Boston Inc., Boston, MA, 1997. 
MR1448404 (98i:17037) 

[16] Ed Dubinsky and George Crofts, Nuclear maps in sequence spaces, Duke Math. J. 36 
(1969), 207-214. 

[17] Klaus Floret and Joseph Wloka, Einfiihrung in die Theorie der lokalkonvexen Rdume, 
Lecture Notes in Mathematics, No. 56, Springer- Verlag, Berlin, 1968 (German). 
MR0226355 (37 #1945) 

[18] Mikhail Kapranov, Semiinfinite symmetric powers, arXiv:math/0107089 (2001). 

[19] Hikosaburo Komatsu, Projective and infective limits of weakly compact sequences of 
locally convex spaces, J. Math. Soc. Japan 19 (1967), 366-383. MR0217557 (36 #646) 

[20] Harald Lang, On sums of subspaces in topological vector spaces and an application 
in theoretical tomography, Applicable Anal. 18 (1984), no. 4, 257-265. MR780059 
(86d:46003) 

[21] Rcinhold Meisc and Dietmar Vogt, Introduction to functional analysis, Oxford Grad- 
uate Texts in Mathematics, vol. 2, The Clarendon Press Oxford University Press, 
New York, 1997. MR1483073 (98g:46001) 



16 



[22] Francois Treves, Topological vector spaces, distributions and kernels, Academic Press, 
New York, 1967. MR0225131 (37 #726) 

[23] Peter Schneider, Nonarchimedean functional analysis, Springer Monographs in Math- 
ematics, Springer- Verlag, Berlin, 2002. MR1869547 (2003a:46106) 

[24] Graeme Segal, The definition of conformal field theory, Topology, geometry and quan- 
tum field theory, London Math. Soc. Lecture Note Ser., vol. 308, Cambridge Univ. 
Press, Cambridge, 2004, pp. 421-577. MR2079383 (2005h:81334) 

[25] John Tate, Residues of differentials on curves, Ann. Sci. Ecole Norm. Sup. (4) 1 
(1968), 149-159. MR0227171 (37 #2756) 



17 



